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Abstract
Let r be a prime. We provide efficient algorithms to construct and solve the conjugacy problem for the
Sylow r-subgroups of the classical groups over finite fields in their natural representations. We also provide
algorithms to construct the normaliser of a Sylow r-subgroup of GL(n,Fq), Sp(2m,Fq), GO(2m+ 1,Fq),
GO−(2m,Fq), GO+(2m,Fq) or GU(n,Fq2 ). The algorithms described here are implemented in the
MAGMA Computer Algebra System.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and overview
Let G be a finite group and r a prime. Sylow’s Theorem states that if rk is the largest power
of r dividing the order of G, then there exists a subgroup of G of order rk , moreover any two
subgroups of order rk are conjugate in G. Computationally one may view Sylow’s Theorem as
the following three problems.
Given a finite group G:
(1) Write down generators for a Sylow r-subgroup.
(2) Given P,S ∈ Sylr(G) find g ∈ G such that Pg = S.
(3) Given P ∈ Sylr(G) compute NG(P ).
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group we mean one of GL(n,Fq), Sp(2m,Fq), GO(2m + 1,Fq), GO−(2m,Fq), GO+(2m,Fq)
or GU(n,Fq2) in its natural representation, up to conjugacy in the general linear group, given by
a arbitrary set of generating matrices. We also give solutions to problems (1) and (2) when G is
a quasisimple classical group, i.e. one of SL(n,Fq), Sp(2m,Fq), Ω(2m + 1,Fq), Ω−(2m,Fq),
Ω+(2m,Fq) or SU(n,Fq2). These algorithms require the use of basic linear algebra, applica-
tions of the Meataxe [HR94] and Smash [HLGOR96b,HLGOR96a], and the solving of discrete
log and norm equations in finite fields.
Aside from being of independent interest, solutions to problems (1) and (2) for the quasisimple
classical groups are required in [Sta06], where an algorithm to compute a Sylow subgroup of an
arbitrary matrix group over a finite field is described. There, a divide-and-conquer approach is
used to reduce problems (1) and (2) to the simple groups that occur as composition factors of the
original group.
Let GGL(n,Fq) be a classical group with q = pe and let r be a prime. Then for r /∈ {2,p} a
description of the Sylow r-subgroups of G are given by Weir [Wei55] and later for the case r = 2
with q odd by Carter and Fong [CF64]. If r = p, then the Sylow r-subgroups of the classical
groups are the unipotent subgroups and are described by Ree [Ree57] and by Carter [Car72].
Algorithms for constructing and solving the conjugacy problem for the Sylow r-subgroups of
the classical groups are given by Kantor in [Kan85] and Kantor et al. in [KLM90]. However the
algorithms described there have never been implemented and are focused on achieving polyno-
mial time complexity. They also require recursion into smaller (non-classical) subgroups, which
the procedures described here do not.
All the algorithms given here have been implemented in the MAGMA Computer Algebra
System [Mag02] and results concerning the practical implementation are given in Section 7.
2. Preliminaries
2.1. Notation and basic definitions
Let G be a classical group other than GL(n,Fq). Then G has an associated bilinear, quadratic
or hermitian form Φ . We make the following definition.
Definition 2.1. Let Φ be a classical form. Define Φg to be one of the following:
• If Φ is a bilinear form, then Φg = gΦgT .
• If Φ is a quadratic form, then Φg = UT(gΦgT ), where
UT
⎛
⎜⎜⎜⎝
⎛
⎜⎜⎜⎝
α11 α12 · · · α1n
α21 α22 · · · α2n
...
...
. . .
...
αn1 αn2 · · · αnn
⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠=
⎛
⎜⎜⎜⎝
α11 α12 + α21 · · · α1n + αn1
0 α22 · · · α2n + αn2
...
...
. . .
...
0 0 · · · αnn
⎞
⎟⎟⎟⎠ .
• If Φ is a hermitian form, then Φg = gΦgσ T , where σ is the field automorphism α → αq .
If Φg = Φ , then we say that g preserves the form Φ or Φ is fixed by g.
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ule of dimension 2m is conjugate to Sp(2m,F2e ). We construct and solve the conjugacy problem
for the Sylow r-subgroups of G using this isomorphism. In light of this observation we make no
further reference to the groups GO(2m+ 1,F2e ).
Throughout we will assume that we can compute the classical form preserved by a classical
group in its natural representation given by a generating set. This is a straightforward application
of the Meataxe to isomorphism testing of modules (see for example [HEO05, Section 7.5.4]). We
also assume that given classical groups G,H < GL(n,Fq) of the same classical type preserving
forms Φ and Ψ , respectively, we may compute an invertible matrix g such that Φg = Ψ and
hence find g ∈ GL(n,Fq) such that Gg = H .
Give α ∈ Sym(k), we define αd to be the dk × dk permutation matrix that permutes blocks of
dimension d . For example,
(1,2,3)2 =
⎛
⎝ 0 I2 00 0 I2
I2 0 0
⎞
⎠ .
We refer to the block matrices that arise from permutations in this way as standard permuta-
tion matrices.
Given X = 〈x1, . . . , xm〉 GL(d,Fq) and W = 〈α1, . . . , αl〉 ∈ Sym(k) we define the wreath
product X W to be the subgroup of GL(dk,Fq ) generated the matrices
Diag(x1, Id, . . . , Id), . . . ,Diag(xm, Id, . . . , Id), . . . ,Diag(Id , x1, Id, . . . , Id), . . . ,
Diag(Id , xm, Id, . . . , Id), . . . ,Diag(Id , . . . , xm), . . . ,Diag(Id , . . . , xm),α1d, . . . , αld .
Note that |X W | = |X|k|W |.
If H = 〈h1, . . . , hs〉  GL(n1,Fq) and K = 〈k1, . . . , kt 〉  GL(n2,Fq), then we con-
sider the direct product H × K to be the subgroup of GL(n1 + n2,Fq) generated by
Diag(h1, In2), . . . ,Diag(hs, In2),Diag(In1 , k1), . . . ,Diag(In1 , kt ). In fact if n n1, then we may
consider H as a subgroup of GL(n,Fq) by identifying H with the subgroup generated by
Diag(In−n1 , h1), . . . ,Diag(In−n1 , hs).
Let n be a natural number and r a prime. We denote by nr the largest power of r dividing n.
Given a group G we define the r-order, |G|r , of G to be the largest power of r dividing the order
of G.
Let x be a real number. We define x	 to be the largest integer less than or equal to x.
2.2. Basic results
Let G  GL(n,Fq) be a classical group and let r /∈ {2,p} be a prime. Let P ∈ Sylr(G) and
let V be the natural space of row vectors upon which G acts. Then
V = CV (P ) ⊥ [V,P ]
where CV (P ) is the centraliser of V in P (the subspace of V fixed by P ) and [V,P ] is the
subspace generated by all commutators v − vx, v ∈ V , x ∈ P (if G = GL(n,Fq), then read ⊥
as ⊕). From [Wei55] we have the following lemma.
M. Stather / Journal of Algebra 316 (2007) 536–559 539Lemma 2.2. There are two possibilities for [V,P ]:
Type A: [V,P ] is the orthogonal direct sum of non-degenerate subspaces W1, . . . ,Wk of equal
dimension and P permutes the set {W1, . . . ,Wk}.
Type B: [V,P ] is the direct sum of two subspaces X and Y of equal dimension. The subspaces
X and Y are preserved by P and P is isomorphic to a Sylow r-subgroup of GL(X).
In Section 5 we require an algorithm to solve a norm equation over a finite field. That is,
given α ∈ Fq , find λ ∈ Fq2 , with λλq = α. This is achieved using [HRD05, Lemma 2.2]. Briefly,
let α ∈ Fq . We find (by random search) an element δ ∈ Fq such that x2 + δx + α is irreducible
over Fq ; then the roots γ, γ q ∈ Fq2 will satisfy γ γ q = α. The probability that a randomly chosen
element δ will give rise to an irreducible polynomial in this way is approximately 1/2.
We will also assume that algorithms are available to solve the discrete log problem over a finite
field. That is, given a non-zero element μ of a finite field Fq and a fixed primitive element a of Fq ,
we will assume that we can find the unique integer k, with 1 k < q such that μ = ak . Efficient
implementations of discrete log algorithms are available in MAGMA, but no polynomial-time
algorithm is currently known. For a description of discrete log algorithms, see [Shp99, Section 4].
A standard method for conjugating involutions is also used. Let x, y ∈ G be involutions with
|xy| = 2k + 1. Then x(yx)k = y.
3. The construction problem
In this section we describe algorithms to construct a generating set for a Sylow r-subgroup of
a given classical group. The main construction algorithms take as input a generating set for the
classical group G and a prime r . The output is a generating set for a Sylow r-subgroup of G.
We consider the three cases r /∈ {2,p}, r = 2 with q odd and r = p separately. The basic ap-
proach in all three cases is the same. That is, given a classical group GGL(n,Fq) we construct
a group P GL(n,Fq) of the required order and a classical form Φ preserved by P . By comput-
ing g ∈ GL(n,Fq) such that Pg preserves the same classical form as G we obtain Pg ∈ Sylr(G).
To avoid tedious case analysis we concentrate on the cases GL(n,Fq) and GO−(n,Fq) and indi-
cate any major differences in approach to the other cases where appropriate.
3.1. The construction problem with r /∈ {2,p}
We first list the orders of the Sylow r-subgroups of the classical groups. For given r and q let
d be the smallest positive integer such that r | qd − 1.
Lemma 3.1. Let q = pe and let r /∈ {2,p} be a prime. Let d be the smallest positive integer such
that r | qd − 1 and let a =  n
d
	. Write qd − 1 = rαβ with (β, r) = 1. Then
∣∣GL(n,Fq)∣∣r = rαa+ ar 	+ ar2 	+···.
We summarise the r-orders of other classical groups in Table 1 below and also indicate
whether the Sylow subgroup is of type A or type B. The Sylow r-subgroups of GL(n,Fq) are
all of type A.
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The orders of the Sylow r-subgroups of the classical groups r /∈ {2,p}
Classical type d r-order Sylow type
Sp(2m,Fq ) d odd |GL(m,Fq )|r B
d even |GL(2m,Fq )|r A
GO(2m+ 1,Fq ) d odd |GL(m,Fq )|r B
d even |GL(2m,Fq )|r A
GO+(2m,Fq ) d odd |GL(m,Fq )|r B
d even with  d2m 	 odd |GL(2m− 2,Fq )|r A
otherwise |GL(2m,Fq )|r A
GO−(2m,Fq ) d odd |GL(m− 1,Fq )|r B
d even with  d2m 	 even |GL(2m− 2,Fq )|r A
otherwise |GL(2m,Fq )|r A
GU(n,F
q2 ) d ≡ 2 (mod 4) |GL(n,Fq2 )|r B
otherwise |GL( n2 	,Fq2 )|r A
Proof. See [Wei55]. 
In the construction of a Sylow r-subgroup of a classical group we first construct certain cyclic
groups.
Lemma 3.2.
(i) GL(n,Fq) contains an element x of order qn − 1.
(ii) Sp(2m,Fq) contains an element x of order qm + 1.
(iii) GO−(2m,Fq) contains an element x of order qm + 1.
(iv) GU(n,Fq2) contains an element x of order qn + 1.
Proof. These elements can be obtained in the following way:
(i) Let z be a primitive element in Fqn . Then x is the image of z in GL(n,Fq).
(ii) Let z be a primitive element in Fq2m . Let y be the image of zq
m−1 in GL(2,Fqm). Then
det(y) = 1, so y preserves the symplectic bilinear form
Φ =
(
0 1
1 0
)
on F2qm . Define x to be the image of y in GL(2m,Fq). Then |x| = qm + 1 and x preserves the
form Ψ , where
Ψ (vˆ, wˆ) = Tr(Φ(v,w))
and vˆ and wˆ are the images of v and w, respectively, in F2mq .
(iii) GO−(2,Fqm) is a dihedral group of order 2(qm+1). Let y be an element of GO−(2,Fqm)
of order qm+1. Let x be the image of y in GL(2m,Fq). If q is odd, then x preserves a symmetric
bilinear form, similar to the symplectic case. If q is even, then x preserves the quadratic form
Ψ (vˆ) = Tr(Φ(v))
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(iv) Let z be a primitive element of Fq2n . We define x to be the image of zq
n−1 in GL(n,Fq2).
Then x has order qn + 1. Let E be the matrix algebra generated by x. Then as a vector space E
is isomorphic to Fn
q2
. Let σ be the automorphism of E of order 2. We construct a hermitian form
on E by Ψ (u, v) = Tr(uvσ + uσ v) and transfer this to a hermitian form on Fn
q2
fixed by x. 
Remark 3.3. For each x constructed in Lemma 3.2, 〈x〉 is irreducible.
We now give a description of a Sylow r-subgroup of a classical group. We begin with the case
GL(n,Fq).
Theorem 3.4. Given n ∈ N, an odd prime r and a prime power q not divisible by r , let d be the
smallest positive integer such that r | qd −1. Let x ∈ GL(d,Fq) be an element of order (qd −1)r .
Let n0 =  nd 	 and let T ∈ Sylr(Sym(n0)). Then P = 〈x〉  T is a Sylow r-subgroup of GL(n,Fq).
Proof. Let α be such that (qd − 1)r = rα . Then
|P | = rαn0(n0!)r = rαn0+
n0
r
	+ n0
r2
	+··· = ∣∣GL(n,Fq)∣∣r
by Lemma 3.1 and De Polignac’s formula on the largest power of a prime dividing a factorial. 
We now give the corresponding result for the case GO−(2m,Fq) differentiating between the
type A and type B cases.
Theorem 3.5. Given m ∈ N, an odd prime r and a prime power q not divisible by r , let d be the
smallest positive integer such that r | qd − 1. We have two cases.
(i) d even (type A). Let n0 =  2md 	, unless d|2m and 2md is even, in which case let n0 =  2md 	−1.
Let x ∈ GL(d,Fq) be an element of order (q d2 + 1)r . Let T ∈ Sylr(Sym(n0)). Then P =
〈x〉  T is a Sylow r-subgroup of GO−(2m,Fq).
(ii) d odd (type B). Let m0 = m−1d 	 and let m1 = m − m0d . Let X be a Sylow r-subgroup of
GL(m0d,Fq). Then
P = 〈{Diag(I2m1, x, x−T ) ∣∣ x ∈ generating set for X}〉
is a Sylow r-subgroup of GO−(2m,Fq).
Proof. We show that P has the required order and we construct an orthogonal form (if q is odd)
or a quadratic form (if q is even) preserved by P .
(i) Since P is a wreath product, |P | = (q d2 + 1)r (n0!)r . As d is the smallest integer such that
r | qd − 1,
(
q
d
2 + 1) = (q d2 + 1) (q d2 − 1) = (qd − 1)r r r r
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be an O− form of dimension d preserved by x. Let Ψ1 be an O− form of dimension 2m − n0d
if n0 is even or an O+ form of dimension 2m− n0d if n0 is odd. Then P preserves the O− form
Diag(Ψ1,Ψd, . . . ,Ψd︸ ︷︷ ︸
n0 times
)
and so P ∈ Sylr(GO−(2m,Fq)).
(ii) Clearly |P | = |GL(m − 1,Fq)|r . Let Ψ1 be an O− form of dimension 2m1 and let Ψ0 be
the bilinear O+ form (
0 Im
Im 0
)
if q is odd or the quadratic O+ form
(
0 Im
0 0
)
if q is even. Then P preserves the O− form Diag(Ψ1,Ψ0) and so P ∈ Sylr(GO−(2m,Fq)). 
The remaining cases are similar. However in the unitary case in type B we take elements of the
form Diag(I2m1 , x, x−σT ) where σ is the field automorphism of order 2. If G = GO+(2m,Fq)
and we wish to construct a type A Sylow r-subgroup, then we use the irreducible cyclic sub-
groups of GO−(d,Fq) as the base group for the wreath product construction.
3.2. The construction problem with r = 2 and q odd
Throughout this section we assume that G is a classical group in odd characteristic. For more
details of the construction of the Sylow 2-subgroups see [CF64]. We first list the orders of the
Sylow 2-subgroups.
Lemma 3.6. The orders of the Sylow 2-subgroups of the classical groups in odd characteristic
are given in Table 2.
Proof. See [CF64]. 
The Sylow 2-subgroups of dimension 2 form the building blocks of the Sylow 2-subgroups
of the classical groups in a similar way to the irreducible cyclic groups when r /∈ {2,p}.
We now describe the construction of the Sylow 2-subgroups of the classical groups, this time
focusing only on the case GO−(2m,Fq). The remaining cases are similar.
Theorem 3.7. Given m ∈ N and an odd prime power q . Let W+ and W− be Sylow 2-subgroups
of GO+(2,Fq) and GO−(2,Fq), respectively. We have 3 cases:
(i) q ≡ 1 (mod 4). Let T ∈ Syl2(Sym(m− 1)). Then W− × (W+  T ) is a Sylow 2-subgroup of
GO−(2m,Fq).
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The orders of the Sylow 2-subgroups of the classical groups, for p odd
Classical type Conditions on n and q 2-order
GL(n,Fq ) q ≡ 1 (mod 4) (n!)2((q − 1)2)n
q ≡ 3 (mod 4), n = 2m (m!)2(4(q + 1)2)m
q ≡ 3 (mod 4), n = 2m+ 1 2(m!)2(4(q + 1)2)m
Sp(2m,Fq ) q ≡ 1 (mod 4) (m!)2(2(q − 1)2)m
q ≡ 3 (mod 4) (m!)2(2(q + 1)2)m
GO(2m+ 1,Fq ) – 2|Sp(2m,Fq )|2
GO+(2m,Fq ) q ≡ 1 (mod 4) (m!)2(2(q − 1)2)m
q ≡ 3 (mod 4), m even (m!)2(2(q + 1)2)m
q ≡ 3 (mod 4), m odd 4(m− 1)!2(2(q + 1)2)m−1
GO−(2m,Fq ) q ≡ 1 (mod 4) 4(m− 1)!2(2(q − 1)2)m−1
q ≡ 3 (mod 4), m even 4(m− 1)!2(2(q + 1)2)m−1
q ≡ 3 (mod 4), m odd (m!)2(2(q + 1)2)m
GU(n,F
q2 ) q ≡ 1 (mod 4), n = 2m (m!)2(4(q − 1)2)m
q ≡ 1 (mod 4), n = 2m+ 1 2(m!)2(4(q − 1)2)m
q ≡ 3 (mod 4) (n!)2((q + 1)2)n
(ii) q ≡ 3 (mod 4), with m even. Let T ∈ Syl2(Sym(m − 1)). Then W+ × (W−  T ) is a Sylow
2-subgroup of GO−(2m,Fq).
(iii) q ≡ 3 (mod 4), with m odd. Let T ∈ Syl2(Sym(m)). Then W−  T is a Sylow 2-subgroup of
GO−(2m,Fq).
Proof. We show that P has the required order and that we are able to construct an orthogonal
form preserved by P . Let Φ+ and Φ− be the O+ and O− bilinear forms preserved by W+ and
W−, respectively.
(i) q ≡ 1 (mod 4). From Lemma 2 we see that |W−| = 4 and |W+| = 2(q − 1)2. Thus |P | =
4(m− 1)!2(2(q − 1)2)m−1 as required and P preserves the O− form
Diag
(
Φ−,Φ+, . . . ,Φ+︸ ︷︷ ︸
m−1 times
)
.
(ii) q ≡ 3 (mod 4), with m even. From Lemma 2 we see that |W+| = 4 and |W−| = 2(q +1)2.
Thus |P | = 4(m− 1)!2(2(q + 1)2)m−1 as required and P preserves the O− form
Diag
(
Φ+,Φ−, . . . ,Φ−︸ ︷︷ ︸
m−1 times
)
.
(iii) q ≡ 3 (mod 4), with m odd. We have |P | = (m!)2(2(q + 1)2)m as required and P pre-
serves the O− form
Diag
(
Φ−, . . . ,Φ−︸ ︷︷ ︸
m times
)
. 
544 M. Stather / Journal of Algebra 316 (2007) 536–5593.3. The construction problem with r = p
There is a well-known correspondence between the classical groups and the Chevalley groups.
If K = Fq , and q = pe for some e ∈ N then the Chevalley group L(K) is generated by xr(t),
for all t ∈ K and r in the root system Φ . This group is the appropriate quasisimple classical
group and a Sylow p-subgroup of the Chevalley group will be a Sylow p-subgroup of the larger
classical group unless q and n are even and L(K) is an orthogonal group. A Sylow p-subgroup
of L(K) is given by the unipotent subgroup U generated by all xr(t), for all t ∈ K and r ∈ Φ+.
Generators for U in all cases are given explicitly in [Car72] and we refer the reader there for
more detail. However we describe the case GO+(2m,Fq), with q even, in more detail since the
generators given in [Car72] generate only a Sylow p-subgroup of Ω+(2m,Fq).
Proposition 3.8. Let G = GO+(2m,Fq), with q even, and assume G preserves the quadratic
form
(
0 Im
0 0
)
.
Let ei,j denote the matrix with a 1 in the (i, j)th position and 0’s everywhere else. Let
x =
⎛
⎜⎜⎝
Im−1 0 0 0
0 0 0 1
0 0 Im−1 0
0 1 0 0
⎞
⎟⎟⎠ ,
let B be a basis of Fq over F2 and let
X = {I2m + t (ei,j − em+j,m+i ), I2m + t (ei,m+j − ej,m+i ) ∣∣ 1 i, j m, t ∈ B}.
Then 〈X,x〉 is a Sylow 2-subgroup of G.
Proof. From [Car72] X generates a Sylow 2-subgroup of Ω+(2m,Fq). Now x is an involution
that preserves the quadratic form and normalises 〈X〉, so 〈X,x〉 is a Sylow 2-subgroup of G. 
A similar idea is required in the case GO−(2m,Fq) with q is even.
4. The normalisers of the Sylow r-subgroups of the classical groups
We first describe the normalisers of the Sylow r-subgroups of the symmetric group. We make
use of the following result of Gross [Gro92].
Theorem 4.1. Let W = X Cr with r an odd prime. Then the base group
Xr = X × · · · ×X︸ ︷︷ ︸
r times
is a characteristic subgroup of W .
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We first state a result for the Sylow 2-subgroups of the symmetric groups that is given
in [CF64] and attributed to P. Hall.
Theorem 4.2 (P. Hall). The Sylow 2-subgroups of the symmetric groups are self-normalising.
We now consider the case P ∈ Sylr(Sym(r)), with r odd, so P = 〈α〉 with α an r-cycle.
Lemma 4.3. NSym(r)(P ) = 〈α,x〉, with αx = αt for t a primitive element of Fr .
Proof. There are exactly (r − 1)! r-cycles in Sym(r), so |CSym(r)(P )| = r therefore
CSym(r)(P ) = P . Now let t be a primitive element of Fr , so |t | = r − 1. Let x ∈ Sym(r) be
such that αx = αt . Then | 〈α,x〉
P
| = r − 1 = |Aut(P )| and so NSym(r)(P ) = 〈α,x〉. 
We make the following observation that enables us to reduce to the case where P ∈
Sylr(Sym(rk)).
Lemma 4.4. Let P ∈ Sylr(Sym(n)) with n = a0 + a1r + · · · + akrk , with 0  ai < r .
Then NSym(n) ∼= Sym(a0) × NSym(r)(P1)  Sym(a1) × · · · × NSym(rk)(Pk)  Sym(ak), with Pi ∈
Sylr(Sym(ri)).
A description of NSym(rk)(P ) for P ∈ Sylr(Sym(rk)) can now be given. This description is
recursive with the base case P ∈ Sylr(Sym(r)) which is dealt with by Lemma 4.3 above.
Theorem 4.5. Let P be a Sylow r-subgroup of Sym(rk) with k  2. So P = X  Cr , with X ∈
Sylr(Sym(rk−1)). Let NSym(rk−1)(X) = 〈x1, . . . , xn, y1, . . . , ym〉 with xi ∈ X and yj /∈ X. Then
NSym(rk)(P ) =
〈
X NSym(r)(Cr),
{(
1, (yi, . . . , yi)
) ∣∣ 1 i m}〉.
Proof. Let N = 〈X NSym(r)(Cr), {(1, (yi, . . . , yi)) | 1 i m}〉. Clearly N normalises P .
Now let g ∈ NSym(rk)(P ). Since r is odd then by Theorem 4.1, NSym(rk)(P ) acts imprimitively
on the same block system as P . Hence we can write
g = (ω, (1, . . . ,1)) · (1, (z1, . . . , zr ))
with ω ∈ NSym(r)(Cr) and z1, . . . , zr ∈ NSym(rk−1)(X). Since (ω, (1, . . . ,1)) ∈ N , we have
(1, (z1, . . . , zr )) ∈ NSym(rk)(P ). Hence
z−1
(
(1, . . . , r), (1, . . . ,1)
)
z = ((1, . . . , r), (z−1r z1, . . . , z−1r−1zr)) ∈ P
and so all the zi lie in the same coset of X in NSym(rk−1)(X). Thus
(
1, (z1, . . . , zr )
) ∈ 〈Xr,{(1, (yi, . . . , yi)) ∣∣ 1 i m}〉
and g ∈ N . Thus N = NSym(rk)(P ). 
546 M. Stather / Journal of Algebra 316 (2007) 536–5594.2. The normalisers of the Sylow r-subgroups of the classical groups when r /∈ {2,p}
The normalisers of the Sylow r-subgroups of the classical groups when r  q , r = 2 are similar
to the normalisers of the Sylow r-subgroups of the symmetric groups. We first deal with the case
where P is cyclic.
Lemma 4.6. Let P = 〈α〉 be a Sylow r-subgroup of a classical group G  GL(n,Fq), with P
irreducible, cyclic and of order rk . Then NG(P ) = 〈x, y〉 with x a generator of CG(P ) and y an
element such that αy = αq .
Proof. Since P is irreducible, CGL(n,Fq )(P ) ∼= F∗qn and so CG(P ) = 〈x〉 where x has order qn−1
in the linear case and q n2 +1 in the other cases (from Lemma 3.2).
The automorphism group of P is cyclic (of order (r − 1)rk−1) so NG(P )/CG(P ) is cyclic.
The smallest value of i such that αi is similar to α is i = q , since the eigenvalues of α are
λ,λq, . . . , λq
n−1
. By Theorem 5.5 α and αq are conjugate in G. Let y ∈ G be such that αy = αq ,
then it follows that NG(P ) = 〈x, y〉. 
Remark 4.7. We can compute y using Algorithm 5.4.
We will now consider a cyclic type B Sylow r-subgroup that fixes no non-trivial subspaces. This
can only occur in cases Sp(2m,Fq),GO−(2m,Fq) or GU(n,Fq2). We restrict the description of
the normaliser to the case GO−(2m,Fq). The other cases are similar.
Lemma 4.8. Let P be a Sylow r-subgroup of GO−(2m,Fq) that is cyclic but not irreducible
and fixes pointwise no non-trivial subspaces. Without loss of generality we may assume that
P = 〈Diag(α,α−T )〉, with α an irreducible element of GL(m,Fq) preserving the form described
in the proof of Theorem 3.5(ii). Then
NG(P ) =
〈{(
x 0
0 x−T
) ∣∣∣ x ∈ NGL(m,q)(〈α〉)
}
,
(
0 c
cT 0
)〉
with 〈α〉c = 〈α−T 〉.
Proof. This is clear. 
Now we deal with the case where P is imprimitive.
Lemma 4.9. Let P be a Sylow r-subgroup of a classical group G GL(n,Fq). Assume that P
is imprimitive with rk blocks. So P = X  W , for W a Sylow r-subgroup of Sym(rk), and X a
cyclic Sylow r-subgroup of some classical group H . Then
NG(P ) =
〈
X NSym(rk)(W),
{
Diag(x, . . . , x)
∣∣ x ∈ XH }〉
where XH is a generating set for NH(X) (mod X).
Proof. The proof is similar to that given in Theorem 4.5. 
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Theorem 4.10. Let P be a Sylow r-subgroup of a classical group GGL(n, q) with r /∈ {2,p}.
Let d be the smallest positive integer such that r | qd − 1. Then one of the following two cases
occur:
Type A: Let P be a type A Sylow r-subgroup. If n = a0 + a1d + · · · + akdrk−1, with a0 < d and
0 ai < r for i  1, then
NG(P ) ∼= G0 ×NG1(P1)  Sym(a1)× · · · ×NGk(Pk)  Sym(ak)
where G0 is an appropriate classical group of dimension a0, Gi is an appropriate clas-
sical group of dimension dri−1 for i  1 and Pi is a Sylow r-subgroup of Gi .
Type B: Let P be a type B Sylow r-subgroup. If n = a0 + 2a1d + · · · + 2akdrk−1, with a0 < 2d
and 0 ai < r for i  1, then
NG(P ) ∼= G0 ×NG1(P1)  Sym(a1)× · · · ×NGk(Pk)  Sym(ak)
where G0 is an appropriate classical group of dimension a0, Gi is an appropriate clas-
sical group of dimension 2dri−1 for i  1 and Pi is a Sylow r-subgroup of Gi .
Proof. This follows from the results above. 
4.3. The normalisers of the Sylow 2-subgroups of the classical groups
The normalisers of the Sylow 2-subgroups of the classical groups are given in detail in [CF64]
and we shall give only a brief description here for completeness. Firstly we deal with the Sylow
2-subgroups in dimension 2.
Lemma 4.11. Let W be a Sylow 2-subgroup of a classical group G in dimension 2. Let Z(G) be
the centre of G. Then
(
N(W) : WZ(G))=
{
3 if G = Sp(2, q) and q ≡ ±3 (mod 8),
1 all other cases.
If q ≡ ±3 (mod 8), then N(W) is an extension of W by an automorphism of order 3.
Proof. See [CF64]. 
We shall now state the main result concerning the normalisers of the Sylow 2-subgroups of
the classical groups.
Theorem 4.12 (Carter–Fong). Let GGL(n,Fq) be a classical group, let S be a Sylow 2-sub-
group of G and let 2r1 + 2r2 + · · · + 2rt , r1 < r2 < · · · < rt be the 2-adic expansion of n. Then
we have the following:
(i) If G = GL(n,Fq), then N(S) ∼= S × Zk × · · · × Zk where Zk occurs t times and k is given
by the condition q − 1 = 2ak, k odd.
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(
N(W) : WZ(G))=
{
3t if q ≡ ±3 (mod 8),
1 all other cases.
(iii) If G = GU(n,Fq), then N(S) ∼= S ×Zk × · · · ×Zk where Zk occurs t times and k is given
by the condition q + 1 = 2ak, k odd.
(iv) If G is an orthogonal group, then a Sylow 2-subgroup is self-normalising.
Proof. See [CF64]. 
4.4. The normalisers of the Sylow p-subgroups of the classical groups
It is well known that the normalisers of the Sylow p-subgroups of the classical groups are the
Borel subgroups. Generators for these subgroups can be found in [Car72]. If G = GO(2m,Fpe ),
then we have the extra involution lying outside Ω(2m,Fpe ) that normalises the Sylow p-sub-
group. This involution is given explicitly in Proposition 3.8 for the case GO+(2m,Fpe ).
5. The conjugacy problem
In this section we describe algorithms to solve the conjugacy problem for Sylow subgroups
of the classical groups. For the case r = p we define the standard copy of a Sylow r-subgroup to
be the copy explicitly constructed in Theorems 3.4, 3.5, 3.7 and Proposition 3.8. We define the
standard form to be the form constructed in the proofs of Theorems 3.5, 3.7 and Proposition 3.8
that is preserved by the standard copy.
We give a brief summary of the properties of a standard copy. For a type A Sylow r-subgroup,
or a Sylow 2-subgroup, the standard copy contains block diagonal matrices and standard permu-
tation matrices. Moreover the kernel, K , of the action on the blocks is completely reducible. The
restriction of K to one of the irreducible blocks is either trivial, or else is some fixed copy of an
irreducible cyclic Sylow r-subgroup or a Sylow 2-subgroup of dimension 2. The standard form
is block diagonal.
A standard copy of a type B Sylow r-subgroup contains elements of the form Diag(I, x, x−T )
(or Diag(I, x, x−σT ) if we are in the unitary case), where x is an element of a standard copy of a
type A Sylow r-subgroup of GL(m,Fq).
The main algorithms in this section take as input generators for a Sylow r-subgroup of a
classical group G preserving the standard form. We return a conjugating element g ∈ G such
that Pg is the standard copy.
5.1. The conjugacy problem with r /∈ {2,p}
Let G  GL(n,Fq) be a classical group and let P ∈ Sylr(G). We will first prove some re-
sults concerning the action of P on the natural module M of row vectors. We aim to prove the
following result.
Theorem 5.1. Let P be a Sylow r-subgroup of a classical group and let M be the natural module
of row vectors. Then there is a unique decomposition of [M,P ] into irreducible summands.
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the following two lemmas.
Lemma 5.2. Let V = Fnq with n odd. If x ∈ GL(n,Fq) acts irreducibly on V , then x is not similar
to x−T .
Proof. Let x ∈ GL(n,Fq) act irreducibly on V . Then the rational canonical form of x is
⎛
⎜⎜⎜⎝
0 1 · · · 0
...
. . .
0 0 · · · 1
α1 α2 · · · αn
⎞
⎟⎟⎟⎠ .
Without loss of generality we may assume that x has this form. Now
x−T =
⎛
⎜⎜⎜⎝
−α2α−11 1 · · · 0
...
. . .
−αnα−11 0 · · · 1
α−11 0 · · · 0
⎞
⎟⎟⎟⎠
and if x is similar to x−T then their characteristic polynomials must be equal. Hence
λn − αnλn−1 − · · · − α2λ− α1 = λn + α2α−11 λn−1 + · · · + αnα−11 λ− α−11
⇒ α1 = ±1, α2 = ∓αn, α3 = ∓αn−1, . . . .
So the characteristic polynomial of x is either
λn + α2λn−1 + · · · − α2λ− 1 = 0 or λn + α2λn−1 + · · · + α2λ+ 1 = 0
which have roots λ = 1, or λ = −1, respectively, so x does not act irreducibly on V . 
Lemma 5.3. Let x ∈ GU(n,Fq2) act irreducibly on Fnq2 . If x is similar to xσ
−T
and |x| = rl , with
r an odd prime, then r  qk − 1 for every k < 2n.
Proof. Let x ∈ GU(n,Fq2) be an element of order rl that is similar to xσ−T . The eigenval-
ues of x (in Fq2n ) are t, tq
2
, . . . , tq
2n−2 for some t ∈ Fq2n , and the eigenvalues of xσ−T are
t−q, t−q3 , . . . . Since x and xσ−T are similar, t−q = tq2i for some i < n. Thus, tq2i+q = 1 which
implies r | q2i−1 + 1, hence r | q4i−2 − 1. Now n is the multiplicative order of q2 (mod r), so
the multiplicative order of q (mod r) is either n or 2n. We show that it can only equal 2n.
If the multiplicative order of q (mod r) is equal to n, when n is even, then x would fail to be
irreducible. If n is odd, then n | 4i − 2 and i < n, so 4i − 2 = n, 2n, or 3n. But the cases n and
3n would imply that n is even. Hence the multiplicative order of q (mod r) is equal to 2n.
Now n = 2i − 1, so the even-dimensional case cannot occur. If n is odd, then r | qn + 1 so we
cannot have r | qn − 1 when r is odd, thus 2n is the smallest integer such that r | q2n − 1. 
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Proof. Without loss of generality we may assume that P is the standard copy. Let [M,P ] =
M1 ⊕ · · · ⊕Mk be a direct sum decomposition with each Mi irreducible.
If P is a type A Sylow subgroup, then for each i  k we have a generator of P that acts
non-trivially on Mi and trivially on each Mj with j = i. Hence no two of the Mi are isomorphic
and the decomposition is unique.
If P is a type B Sylow subgroup, then for each Mi there exists g ∈ P that acts non-trivially on
Mi and some other Mk , i = k, and trivially on each Mj with j /∈ {i, k}. Write Dim(Mi) = drl ,
for some l  0. Now we choose g such that the action of g on Mi is
(
x 0
0 Id(rl−1)
)
.
Hence the action of g on Mk is
(
x−σT 0
0 Id(rl−1)
)
if G is unitary or
(
x−T 0
0 Id(rl−1)
)
otherwise. But by Lemmas 5.2 and 5.3 these matrices are not similar and hence no two of the Mi
are isomorphic and the decomposition is unique. 
We now describe algorithms to solve the conjugacy problem for the Sylow r-subgroups of the
classical groups. We first solve the conjugacy problem for elements in classical groups that act
irreducibly on the underlying vector space. This is easily solved in GL(n,Fq) so we concentrate
on the case GO−(2m,Fq). The other classical groups are similar.
Algorithm 5.4.
Input: Elements x and y of GO−(2m,Fq) that act irreducibly on the underlying vector space
and a standard form Φ preserved by GO−(2m,Fq).
Output: true and g ∈ GO−(2m,Fq) such that xg = y or false if x and y are not conjugate in
GO−(2m,Fq).
1. Test x and y for similarity. If x and y are not similar then return false.
2. Let g1 ∈ GL(2m,q) be such that xg1 = y.
3. Let A be the centraliser in GL(2m,Fq) of x.
4. If q is even then replace the quadratic form Φ by a bilinear form.
5. Let t := Φg−T1 Φ−1g−11 .
6. Find g2 ∈ A such that gq
m+1
2 = t . Return true, g2g1.
For Steps 1 and 2 we use existing well-known algorithms to test for similarity of matrices. If
x and y are similar this test will also return a conjugating matrix g1. In Step 3 A is isomorphic to
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q2m
so Step 6 becomes a norm equation in a finite field which can be solved using the methods
described in Section 2.2.
Proof of correctness. Steps 1 to 3 are clear. In Step 4 we construct t = Φg−T1 Φ−1g−11 . We now
prove that t centralises x.
xt = g1ΦgT1 Φ−1xΦg−T1 Φ−1g−11 = g1ΦgT1 Φ−1Φx−T g−T1 Φ−1g−11
⇒ xt = g1Φy−T Φ−1g−11 = g1yΦΦ−1g−11 = x.
For Step 5 consider the following. Define  to be the automorphism of A given by a =
ΦaT Φ−1. Now since A ∼= F×
q2m
, it can be shown that  is an automorphism of order 2. We wish
to find g2 with
g2g1Φ(g2g1)
T = Φ ⇔ g1Φg1T = g2−1Φg2−T ⇔ g1Φg1T Φ−1 = g2−1Φg2−T Φ−1
⇔ Φg−T1 Φ−1g1−1 = Φg2T Φ−1g2 ⇔ g2 g2 = t
Since  is an automorphism of order 2 and A ∼= F∗
q2m
, we may view g2 g2 = t as a norm equation
over Fq2m with base field Fqm . So Step 5 finds the required g2 with g2g1 in G and xg2g1 = y.
There remains a question concerning the groups GO−(2m,F2e ). In Step 4 we are re-
placing the quadratic form with a bilinear form and therefore it appears at first glance that
we are only finding a conjugating element in Sp(2m,F2e ). However it is proved in [KL90,
Lemma 4.3.15] that NGO−(2m,Fq )(〈x〉) ∼= Zqm+1.Z2m for an irreducible element x. From
Lemma 4.6, NSp(2m,q)(〈x〉) ∼= Zqm+1.Z2m, so the normalisers of 〈x〉 in GO−(2m,F2e ) and
Sp(2m,F2e ) are equal. It follows that an element in Sp(2m,F2e ) that conjugates x to y must
lie in GO−(2m,F2e ). 
For the unitary case we let t := Φg−σT1 Φ−1g−11 in Step 5 above.
By inspection of this algorithm we obtain the following useful theorem.
Theorem 5.5. Let x and y be irreducible elements of G GL(n,Fq), with G one of Sp(n,Fq),
GO−(n,Fq) or GU(n,Fq). If x and y are similar then x and y are conjugate in G.
Proof. If x and y are similar, then we easily find g1 in Step 1 of the algorithm above. It remains
to solve the norm equation described in Step 6. However this norm equation is guaranteed to
have a solution so x and y are conjugate in G. 
We can now use this algorithm to solve the conjugacy problem for irreducible primitive (and
hence cyclic) Sylow r-subgroups. We require the following lemma.
Lemma 5.6. Let P and S be irreducible cyclic Sylow r-subgroups of a classical group G 
GL(d,Fq) with generators x and y, respectively. Let α be a root of the minimal polynomial of
x over Fqd . Let β be a root of the minimal polynomial of y in Fq [α], so β is a polynomial in α.
Write
β = a0 + a1α + · · · + ad−1αd−1.
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x′ = a0Id + a1x + · · · + ad−1xd−1
is a generator of P that is similar to y.
Proof. The eigenvalues of y are β,βq, . . . , βqd−1 . Consider
x′ − βqi Id = a0Id + a1x + · · · + ad−1xd−1 −
(
a0 + a1α + · · · + ad−1αd−1
)qi
Id
= a1
(
x − αqi Id
)+ a2(x2 − α2qi Id)+ · · · + (ad−1xd−1 − αd−1qi Id)
which has (x − αqi Id) has a factor. Thus |x′ − βqi Id | is a multiple of |(x − αqi Id)| and so
|x′ − βqi Id | = 0. Hence for each 0 i  d − 1 we have that βqi is an eigenvalue of x′ and so x′
and y are similar.
Thus |x′| = |y| = |x|, so 〈x′〉 is a subgroup of the cyclic group CGL(d,Fq )(x) ∼= F×qd , of the
same order as P . Hence 〈x′〉 = 〈x〉 and x′ ∈ P as required. 
We now give an algorithm to solve the conjugacy problem for irreducible primitive (and hence
cyclic) Sylow r-subgroups. Again we focus on the case GO−(2m,Fq).
Algorithm 5.7.
Input: Two Sylow r-subgroups P and S of a classical group GO−(2m,Fq) that act irreducibly
and primitively on the underlying vector space and a standard form Φ preserved by G.
Output: A matrix g such that Pg = S and Φg = Φ .
1. P and S are cyclic. Let x be a generator of P and y a generator of S.
2. Use Lemma 5.6 to find a matrix x′ ∈ P that is similar to y.
3. Use Algorithm 5.4 to find g ∈ GO−(2m,Fq) such that x′g = y. Return g.
We now deal with the reducible case. Let P ∈ Sylr(GO−(2m,Fq)) be a type A Sylow sub-
group that preserves the standard form and fixes no non-trivial submodules of the natural module
M of row vectors. So M = M1 ⊕· · ·⊕Mk with Dim(Mi) = rli d for each i, where d is the small-
est positive integer such that r | qd − 1. We wish to find g ∈ G such that elements of Pg have the
form Diag(x1, . . . , xk) with each xi ∈ GL(rli d,Fq).
Algorithm 5.8.
Input: A type A Sylow r-subgroup P of GO−(2m,Fq) that fixes no non-trivial submodules of
M and a standard form Φ preserved by P .
Output: g as described above.
1. Compute (using the Meataxe) the irreducible summands, M1, . . . ,Mk of M , and let ni =
Dim(Mi). Since Φ is a block matrix with each block of dimension d and d|ni for each i, we
may consider Φ as a block matrix Diag(Φ1, . . . ,Φk) where each Φi has dimension ni .
2. Choose bases of M1, . . . ,Mk , concatenate them to form a single sequence of vectors, and let
g1 be the matrix whose rows are the vectors in this sequence.
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4. For each i compute ti such that Λti = Φi . Let g2 = Diag(t1, . . . , tk).
5. Return (g2g1)−1.
Proof of correctness. In Step 1 we find g1 such that Pg
−1
1 is of block diagonal form. For
Steps 2 and 3 observe that g2 is in block diagonal form and that Φg2g1 = Λg2 = Φ , so
(g2g1)−1 ∈ G. 
It remains to deal with the imprimitive case. Let P be an irreducible imprimitive Sylow r-sub-
group of GO−(2m,Fq). Then we have 2m = rl for some l > 1.
Lemma 5.9. Let X GL(d,Fq) and let W = 〈Xr, (1, . . . , r)d〉. Let Ω be the set of r subspaces
of dimension d that are permuted by W . Let P be a conjugate of W in GL(dr,Fq) that satisfies
the following properties:
• Ω is a block system for P .
• PΩ = SΩ = 〈(1, . . . , r)〉.
• PΩ = SΩ = Xr .
Let e ∈ P act as (1, . . . , r) on Ω . So we may write e as e = ((1, . . . , r), (e1, . . . , er )) for ei ∈ X.
Let g = (1, (1, e2 . . . er , e3 . . . er , . . . , er )). Then Pg = W .
Proof. We have
er = (1, (e1 . . . er , e2 . . . ere1, . . . , ere1 . . . er−1))
so e1 . . . er ∈ X. Hence y = (1, (e1 . . . er ,1, . . . ,1)) ∈ P and therefore y−1e ∈ P . Thus
(y−1e)g = ((1, . . . , r), (1, . . . ,1)) and g normalises Xr , so W < Pg . But |W | = |P | and so
Pg = W . 
We now give an algorithm that finds an element that conjugates a Sylow r-subgroup of
a classical group that acts irreducibly and imprimitively on the underlying vector space to
the standard copy. We use the Smash algorithm of [HLGOR96b] to construct the action of
the Sylow r-subgroup on the blocks of imprimitivity. Once again we concentrate on the case
P ∈ Sylr(GO−(2m,Fq)) and we assume that P preserves the standard form. The other classical
groups are similar. We can consider P as a wreath product X Cr , where X is a Sylow r-subgroup
of GO−( 2m
r
,Fq).
Algorithm 5.10.
Input: A Sylow r-subgroup P of GO−(2m,Fq) that acts irreducibly and imprimitively and a
standard form Φ = Diag(Φd, . . . ,Φd︸ ︷︷ ︸
r times
) preserved by GO−(2m,Fq).
Output: An element g ∈ GO−(2m,Fq) such that Pg is the standard copy W .
1. If P is cyclic use Algorithm 5.7 to find g ∈ GO−(2m,Fq) such Pg = W . Return g.
2. Using Smash, construct a set Δ of size r of subspaces permuted by P .
3. Let K = PΔ and use Algorithm 5.8 to find g1 such that Kg1 is block diagonal.
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X = (WΩ)Ω1 .
5. Use recursion to find an element c1 that preserves Φd and satisfies Kc11 = X.
6. For i ∈ {2, . . . , r} do the following:
• Let ei be such that ieΩi = 1.
• Write ei = (σi, (x1, . . . , xr )).
• ci := xic1.
7. Let g2 = Diag(c1, . . . , cr ).
8. Find y ∈ Sym(r) such that (P g1g2)Ω = S and let g3 be the permutation matrix y|Ω1|.
9. Use Lemma 5.9 to find g4 ∈ P such that Pg1g2g3g4 = W .
10. Return g1g2g3g4.
Proof of correctness. In the loop in Step 5 we have Kxii = K1 where Ki = (Kg1)Ω1 , hence
K
xic1
i = X. In Step 8 we have that (P g1g2g3)Ω = WΩ and (P g1g2g3)Ω = WΩ so Lemma 5.9
applies. 
We now deal with the case where P is a type B Sylow r-subgroup of a classical subgroup
of GL(n,Fq) preserving the standard form. We find a matrix g ∈ GL(n,Fq) that preserves
the standard form. Elements of Pg have the form Diag(x, x−T ) in the non-unitary case and
Diag(x, x−σT ) in the unitary case. We present the algorithm for the case P ∈ Sylr(GO−(2m,Fq))
and we assume that P fixes pointwise no non-trivial subspaces of the natural space of row vec-
tors.
Algorithm 5.11.
Input: A type B Sylow r-subgroup P of GO−(2m,Fq) that fixes no non-trivial submodules of
the natural module of row vectors M and Φ the standard form preserved by G.
Output: g ∈ GO−(2m,Fq) such that elements of Pg have the form Diag(x, x−T ).
1. Compute (using the Meataxe) the irreducible summands E1, . . . ,Ek of M .
2. Initialise L and R to be two copies of the zero submodule of M and
let T = {E1, . . .Ek}.
Repeat
(i) Choose x ∈ T and remove x from T .
(ii) Find y ∈ T with x ∼= Dual(y) and remove y from T .
(iii) Replace L with L+ x and R with R + y.
until |T | = 0.
3. Now we have M = L ⊕ R with L ∼= Dual(R). Let t ∈ GL(m,Fq) be the linear map that
represents this isomorphism.
4. Let g1 ∈ GL(2m,Fq) be the matrix whose rows are the basis of M given by adjoining the
basis of L and R and let g2 = Diag(t−1, Im) · g1.
5. Let c be the upper right m×m block of Φg2 . Let g3 = Diag(c−1, Im) · g2.
6. Return g−13 .
Proof of correctness. By Theorem 5.1 the decomposition in Step 1 is unique and hence the pair-
ing off in Step 2 is justified. Elements of Pg−12 have the form Diag(x, x−T ) and Pg−12 preserves
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preserves Φ and we are done. 
5.2. The conjugacy problem with r = 2 and q odd
This case is similar to the type A Sylow r-subgroups described above. However instead of
solving the conjugacy problem for the irreducible cyclic Sylow r-subgroups we must provide a
solution for the Sylow 2-subgroups in dimension 2. We use versions of Algorithms 5.8, 5.10 to
find an element that conjugates a Sylow 2-subgroup P to the standard copy.
The key observation is the following lemma.
Lemma 5.12. Let G be a group and let 2k be the largest power of 2 dividing the order of G. Let
P and S be Sylow 2-subgroups of G that intersect in a group H of order 2k−1. Let x ∈ P − H
and y ∈ S − H . Then |xy| = 2t , for some t if and only if P = S. Moreover, if |xy| = 2t (2s + 1),
then P (yx)s = S.
We now briefly describe algorithms to solve the conjugacy problem for Sylow 2-subgroup
of the classical groups in dimension 2. We focus on the cases GL(2,Fq) and GO−(2,Fq). The
remaining cases can be dealt with in a similar manner.
• GL(2,Fq)
Let W be the Sylow 2-subgroup of GL(2,Fq) defined in [CF64].
(i) q ≡ 1 (mod 4)—The matrices
a =
(
ζ 0
0 1
)
, b =
(
1 0
0 ζ
)
generate an index 2 subgroup of W . The group W is imprimitive and the index 2
subgroup 〈a, b〉 is the kernel of the action on the blocks. In fact 〈a, b〉 is a Sylow 2-
subgroup of the abelian group GL(1,Fq) × GL(1,Fq). Hence every Sylow 2-subgroup
of GL(2,Fq) that permutes the same set of subspaces as W will intersect W in this
subgroup. Thus, using the methods of [HLGOR96b], we find g1 ∈ GL(2,Fq) such that
Pg1 ∩W = 〈a, b〉. Using Lemma 5.12 we find g2 such that Pg1g2 = W .
(ii) q ≡ 3 (mod 4)—The matrix
a =
(
0 1
1 ζ + ζ q
)
,
generates an irreducible index 2 subgroup of W . If P ∈ Syl2(GL(2,Fq)) then by random
search we find an irreducible x ∈ P with 〈x〉 conjugate to 〈a〉. Using Lemma 5.6 and
Algorithm 5.4 we find g1 such that 〈x〉g1 = 〈a〉. Using Lemma 5.12 we find g2 with
Pg1g2 = S.
• GO−(2,Fq)
The group G is dihedral and every distinct pair P,S ∈ Syl2(GO−(2,Fq)) intersect in a com-
mon index 2 subgroup. If q ≡ 1 (mod 4) then the group of scalars of P will be an index 2
subgroup. If q ≡ 3 (mod 4) then an element in P of order (q + 1)2 will generate this index
2 subgroup. We find x ∈ P and y ∈ S that lie outside of this index 2 subgroup by searching
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g ∈ 〈P,S〉 with Pg = S.
5.3. The conjugacy problem with r = p
From [Car72] a Sylow p-subgroup of a classical group G is unipotent. In fact if G =
GO+(2m,Fq) or GO−(2,Fq), then P ∈ Sylp(G) fixes a unique maximal chain of subspaces
of the underlying vector space. If G = GO+(2m,Fq) (or GO−(2m,Fq)), then P ∩Ω+(2m,Fq)
or (P ∩Ω−(2m,Fq)) fixes q+1 different chains. Thus it is straightforward to find g ∈ GL(n,Fq)
with Pg = S. We now give an algorithm to solve the conjugacy problem for Sylow p-subgroups
of a classical group defined in characteristic p. Again we focus on the case GO−(2m,Fq). We
will separate the cases q odd and q even.
Algorithm 5.13.
Input: Sylow p-subgroups P and S of GO−(2m,Fq) that preserve the classical form Φ with p
odd.
Output: g ∈ GO−(2m,Fq) with Pg = S.
1. Let MP and MS be the natural modules of row vectors for P and S, respectively. Compute
the sets CP and CS of all q + 1 possible composition series for MP and MS , respectively.
2. For each composition series in CP and CS construct the upper triangular basis change ma-
trices g and h that exhibits each composition series on MP and MS until xg
−1h preserves the
form Φ for each generator x of P .
3. Let x1, . . . , xn be the rows of g−1. For each 1  i  n and 1  j  i, recursively find αij
such that
ei = αi,1e1 + · · · + αi,i−1ei−1 + αi,ixi
with αi,i = 0 and where the matrix gˆ, whose rows are ei , satisfy Φgˆ = Φh.
4. Return gˆh.
Proof of correctness. Steps 1 and 2 are clear. In Step 3 we illustrate how the αi,j are found by
means of an example. Let 〈 , 〉 be the inner product associated with Φ and suppose we wish to
solve
ei = αi,1e1 + · · · + αi,i−1ei−1 + αi,ixi .
We construct i polynomials in αi,1, . . . , αi,i as follows:
Φh(i,1) = 〈ei, e1〉 = αi,1Φh(1,1) + · · · + αi,i−1Φh(i,i−1) + αi,i〈xi, e1〉,
...
Φh(i,i−1) = 〈ei, ei−1〉 = αi,1Φh(1,i−1) + · · · + αi,i−1Φh(i−1,i−1) + αi,i−1〈xi, e1−1〉,
Φh(i,i) = 〈ei, ei〉 = 〈αi,1e1 + · · · + αi,i−1ei−1 + αi,ixi, αi,1e1 + · · · + αi,i−1ei−1 + αi,ixi〉.
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1 j  i − 1. We use the ith polynomial to find a non-zero solution for αii and thus solutions
for each αij . Similar procedures can be followed if Φ is a hermitian or quadratic form. 
If q is even, then we compute the intersection of P with Ω−(2m,Fq) and of S with
Ω−(2m,Fq) as kernels under the Spinor Norm map. For a description of this map see [Tay92,
p. 163]. An algorithm to compute the image of an element of SO(2m,Fq) under the Spinor
Norm map has been implemented in MAGMA by Murray and Roney-Dougal. Once we know
which generators of P lie in Ω−(2m,Fq), we construct the Schreier generators to compute the
intersection. Given P ∩ Ω−(2m,Fq) and S ∩ Ω−(2m,Fq) we use the above algorithm to find
g ∈ GO−(2m,Fq) with (P ∩ Ω−(2m,Fq))g = S ∩ Ω−(2m,Fq). We use Lemma 5.12 to com-
plete the conjugation.
6. The Sylow r-subgroups of the quasisimple groups
In this section we describe modifications to the algorithms given in Sections 3 and 5 that
enable us to solve the corresponding problems in the quasisimple groups. We construct a Sylow
r-subgroup of a quasisimple group by first constructing one for the larger classical group, then
calculating the intersection with the quasisimple group. Computing this intersection requires a
discrete log algorithm over Fq in the case SL(n,Fq).
The conjugacy algorithms can be easily modified to work in the quasisimple case. For
example, let P,S ∈ Sylr(Ω−(n,Fq)). We find g ∈ GL(n,Fq) such that Pg = S and g pre-
serves the form preserved by Ω−(n,Fq). Now if g /∈ Ω−(n,Fq), then we can construct
N = NGO−(n,Fq )(Pˆ ), where Pˆ is a Sylow r-subgroup of GO−(n,Fq) that contains P . Hence
N  NGO−(n,Fq )(P ). We find, either by random search or by considering the determinant of g,
an h ∈ N such that hg ∈ Ω−(n,Fq).
7. Implementation and performance
An implementation of the algorithms described in the preceding sections is distributed with
MAGMA V2.13.
As can be seen from the timings in Tables 3–5 this algorithm is practical up to large degree,
except when the prime is the characteristic of the field in which case the number of generators
required for the group makes the computations impractical. The timings below, given in seconds,
were carried out on a standard PC, with an Intel Pentium 4 CPU running at 2.66 GHz and with
512 K RAM. The timings are averaged over 3 runs.
Table 3
Construction and conjugacy timings for r = 2 or p
G r Construction time Conjugation time
GL(7,F11) 5 0.003 0.033
GO(9,F17) 11 0.000 0.000
GU(10,F192 ) 3 0.001 0.080
Sp(26,F132 ) 3 0.060 0.403
GO+(50,F172 ) 7 0.227 2.603
GL(100,F13) 11 0.193 10.107
Sp(100,F13) 5 1.733 12.697
GO+(100,F13) 7 1.663 26.697
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Construction and conjugacy timings for r = 2
G r Construction time Conjugation time
GL(7,F11) 2 0.003 0.037
GO(9,F17) 2 0.007 0.130
GU(10,F192 ) 2 0.001 0.130
Sp(26,F132 ) 2 0.053 0.800
GO+(50,F172 ) 2 0.250 4.680
GL(100,F13) 2 0.013 8.177
Sp(100,F13) 2 1.820 15.617
GO+(100,F13) 2 2.543 16.777
Table 5
Construction and conjugacy timings for r = p
G r Construction time Conjugation time
GL(7,F11) 11 0.003 0.003
GO(9,F17) 17 0.001 0.013
GU(10,F192 ) 19 0.0170 0.0270
Sp(26,F132 ) 13 0.383 0.977
GL(40,F13) 13 0.250 2.340
Sp(40,F13) 13 0.683 1.930
GO+(40,F13) 13 0.690 12.223
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